Using calculations from first principles, we investigate the lattice thermal conductivity of ideal monolayer and bilayer graphenes. Our result estimates that the intrinsic thermal conductivity of both materials is around 2200 W m −1 K −1 at 300 K, a value close to the one observed theoretically and experimentally in graphite along the basal plane. It also illustrates the expected T −1 dependence at higher temperatures. The little variation between monolayer and bilayer thermal conductivities suggests that the number of layers may not affect significantly the in-plane thermal properties of these systems. The intrinsic thermal conductivity also appears to be nearly isotropic for graphene.
Using calculations from first principles, we investigate the lattice thermal conductivity of ideal monolayer and bilayer graphenes. Our result estimates that the intrinsic thermal conductivity of both materials is around 2200 W m −1 K −1 at 300 K, a value close to the one observed theoretically and experimentally in graphite along the basal plane. It also illustrates the expected T −1 dependence at higher temperatures. The little variation between monolayer and bilayer thermal conductivities suggests that the number of layers may not affect significantly the in-plane thermal properties of these systems. The intrinsic thermal conductivity also appears to be nearly isotropic for graphene. Although carbon-based low-dimensional materials have been a subject of intense investigations for decades, the recent synthesis of graphene, a single two-dimensional ͑2D͒ sheet of carbon atoms in a honeycomb lattice, has opened a unique avenue of research in the search for novel alternative materials for microelectronics. 1 The peculiar electronic structure of graphene 1 implies that electrons have a negligible effective mass around the K point of the Brillouin zone ͑Dirac point͒ and thus a high electrical conductivity. Subsequent anticipation of the superior performance in device applications also makes it imperative to investigate the thermal properties of these systems as electric currents are inherently coupled with Joule heating. Usually a good electric conductor is a good thermal conductor. However, this expectation does not apply in the case of diamond, a material made of carbon atoms, which exhibits a high thermal conductivity despite its large band gap and low electric conductivity. Graphite, another carbon-based material and the closest relative of graphene, displays a high thermal conductivity along the basal plane while that in the c axis is much smaller. 2 Available experimental data show a relatively broad range for the thermal conductivity of highly oriented graphite and graphene systems. 5 reported calculated results for monolayer graphene between 2000-6000 W m −1 K −1 , depending on the choice of Grüneisen parameter ␥ ͑varying from 0.8 to 2.0͒ as deduced from Ref. 6 . The latter study was based on a valence-force-field method ͑which approximates all interatomic forces to bond-bending and stretching modes͒. 7 Complementing the earlier investigations, the purpose of the present Brief Report is to theoretically examine the characteristic thermal response of monolayer and bilayer graphenes by taking advantage of the first-principles approach. The results clearly indicate the superior intrinsic thermal conductivity of this unique material when compared to the conventional bulk solids including diamond ͑600-2000 W m −1 K −1 ͒. 8 In general, the lattice thermal conductivity of a crystal at finite temperature T can be written as = ͚
where t is a unit vector in the direction of thermal gradient ٌT, v͑q͒ is the group velocity of a phonon with wave vector q, and ͑q͒ is its lifetime. [9] [10] [11] The index runs over the phonon modes and C ph ͑͒ is the contribution of phonon modes to the specific heat,
where k B is the Boltzmann constant and is the phonon frequency. Accordingly, a detailed knowledge of phonon dynamics is essential to accurately evaluate the lattice thermal conductivity ͓specifically, the energy ͑q͒, the group velocity v ͑q͒, and the lifetime ͑q͒ for all q and ͔. This can be provided by the first-principles calculations within the density-functional theory ͑DFT͒ and the density-functional perturbation theory ͑DFPT͒. The predictive power of the DFT/DFPT approach has long been demonstrated through the excellent agreement between theoretical calculations and experimental observations including the recent studies on the lattice vibrational modes of graphite and graphene. 6, 12 In the present analysis, we take advantage of the PWSCF package of the QUANTUM-ESPRESSO distribution 13 to model the characteristic graphene lattice dynamics. Specifically, an ultrasoft pseudopotential in the local-density approximation 14 is used with a plane-wave expansion up to 55 Ry and 32ϫ 32ϫ 1 Monkhorst-Pack meshes adopted for Brillouin-zone sampling with 0.02 Ry Fermi-Dirac smearing in the electronic occupation. The calculation also employs the theoretical lattice parameter a = 2.46 Å, which is in excellent agreement with the experimental value at 300 K. For bilayer graphene, the Bernal stacking is considered with the interlayer distance set to the theoretical minimum of 3.36 Å. 15 Figure 1 provides the calculated phonon dispersion along the high-symmetry directions for ͑a͒ monolayer and ͑b͒ bilayer graphenes ͑with the typical A-B stacking͒. Compared to the available experimental and theoretical data in the literature, 6, [16] [17] [18] they are in excellent agreement as summa-rized in Table I for the monolayer case. Our calculation also seems to support the Kohn-like anomaly in the dispersion of the highest optical branches at the ⌫ and K points. 19, 20 As for bilayer graphene, the phonon band structure exhibits a very similar behavior except the so-called layer-breathing mode ͑denoted as ZOЈ͒ that gives a nonzero frequency in the longwavelength limit ͑⌫ ZO Ј =78 cm −1 ͒. This occurs when the c-directional vibration of carbon atoms in adjacent 2D layers becomes out of phase ͑i.e., optical mode͒. In graphite the corresponding mode has a frequency of 95 cm −1 . 16 All other branches ͑namely, those except ZOЈ and ZA͒ for bilayer are doubly degenerate with only small splittings that arise from the weak interlayer coupling. The phonon group velocity v ͑q͒ can be readily obtained by taking a gradient of the dispersion relation for each phonon mode ͑not shown͒.
Similarly, the Grüneissen parameters can be deduced from the negative logarithmic derivative of the phonon frequency with respect to the volume ␥ =−͓a / 2 ͑q͔͓͒d ͑q͒ / da͔, 6, 21 where a is the lattice constant. For their relevance to the lattice anharmonic properties, these parameters provide crucial information in phonon relaxation as it will be discussed below. The computed Grüneissen parameters are shown in Fig. 2 . In monolayer graphene, the ZO and the ZA modes have a negative ␥, between −1.38 and −0.17 for ZO and between −53 and −1.46 for ZA. The values for the other modes range between 0.16 and 2.76. Physically, a positive ␥ corresponds to a decrease in the phonon frequency as the lattice constant increases and the inverse is true for negative ␥. Since ZA and ZO are out-of-plane transverse modes, it is reasonable to expect that the collective vertical motion of the atoms would be more vigorous if a graphene sheet is expanded laterally. As for the bilayer ͑with A-B staking͒, the Grüneissen parameters display a different behavior for the ZA and the ZOЈ modes near the ⌫ point, where they turn positive. As the volume increases ͑and, thus, the interlayer distance͒, the atoms in both layers seem to lose some of their coherence in the long-wavelength limit, leading to a decrease in ZA and ZO Ј and the observed positive number for the corresponding ␥. The mean values for the two TA and LA modes in the first Brillouin zone are found to be 0.52͑␥ TA1 ͒, 0.53͑␥ TA2 ͒, 1.58͑␥ LA1 ͒, and 1.56͑␥ LA2 ͒, respectively.
The normalized thermal conductivity / is plotted in Fig. 3 . Evidently, the characteristic behaviors of monolayer and bilayer graphenes are much alike over the temperature range of interest ͑200-500 K͒; both show almost the same normalized thermal conductivities. For instance, the combined TA and LA contributions at T = 300 K give / = 4.78ϫ 10
for monolayer and 4.83ϫ 10 13 W m −1 K −1 s −1 for bilayer. At the same time, the relative significance of the LA modes ͑dotted line͒ over the TA phonons ͑dashed line͒ is another common feature of the two cases due to the large LA group velocity. This similarity is expected from the essentially identical phonon properties. One interesting point to note is that the magnitude of / for the individual TA or LA branch in the bilayer is about one half of that in the monolayer. The seeming disparity is due to This work  884  1560  473  627  641  1318  1360  1396  532  550  997  1210  1228  1327  Theoretical a  881  1554  471  626  635  1328  1340  1390  535  535  997  1213  1213  1288  Experimental  861 the fact that the number of phonon modes increases proportionally with the layer thickness as discussed earlier. Accordingly, each branch contributes progressively less while the sum remains approximately the same. Figure 3 also shows / of other phonon modes for comparison. As expected, the optical phonons ͑LO, TO, ZO͒ provide the numbers that are at least an order-of-magnitude smaller over the entire temperature range. Consequently, the specific features of these branches ͑such as the Kohn-like anomaly, 19, 20 etc.͒ have little or no impact on thermal conduction. On the other hand, / for the ZA and the ZOЈ modes becomes non-negligible particularly at low temperatures. A crucial property to note for a detailed analysis is that the dominant contributions come from the phonons away from the zone center ͑i.e., large wave vectors͒, as evidenced by nearly degenerate curves of the two branches in bilayer graphene ͑ZA and ZOЈ͒ despite the differences in the dispersion relation near the ⌫ point. Since it is the region where the out-of-plane vibrations experience large Grüneissen parameters ͑see Fig. 2͒ , the corresponding phonons are expected to suffer from rapid decay with a reduced role in thermal transport. This point will be further elaborated below.
To estimate the thermal conductivity of graphene, we consider the heat conduction primarily via TA and LA modes. Our approach is similar to that of Ref. 2, in which the authors calculated the graphite thermal conductivity along the basal plane considering only the LA and the TA branches. Specifically, this assumption applies to the temperatures above those of the ZA frequency range. With the maximum wave number of the ZA mode around 535 cm −1 ͑see Table  I͒ , it corresponds to the temperatures of approximately 123 K ͑k B T = ប͒. For the phonon lifetime in Eq. ͑1͒, we evaluate it as limited by the anharmonicity of lattice vibrations since this is the most fundamental factor that is not affected by the external conditions such as the purity of crystal or boundary termination processes. An analytical expression for the relaxation rate from the dominant anharmonic three-phonon mechanism can be given for mode as 2,9,22
where M is the atomic mass and m denotes the Debye frequency. For simplicity, the average sound velocity v for a 2D phonon gas consisting of LA and TA modes is approximated by the relation 2 / v 2 =1/ v LA 2 +1/ v TA 2 in the long-wavelength limit. As in Ref. 2, the integration in Eq. ͑1͒ is truncated with a cutoff frequency of ⌫ ZO Ј to avoid the divergence issue at the zone center. Figure 4 presents the lattice thermal conductivity calculated along the ⌫-M direction. Both monolayer and bilayer graphenes display similar results including the approximate T −1 dependence at high temperature. An important point to note here is that the contribution of the TA branch is now much more pronounced than that of the LA branch. This is in contrast to the case of normalized thermal conductivity discussed in Fig. 3 . The main reason for the difference between and / is a much longer lifetime of TA phonons that can be expected from the comparison of the Grüneissen parameters ͑␥ LA / ␥ TA Ϸ 3͒. We also examine the angular dependence of the thermal conduction and note only a negligible variation ͑less than 0.1% at 300 K͒ for different directions. Accordingly, it shows that the thermal conductivity of the studied graphene layers is nearly isotropic.
As for the specific results, of approximately 2200 W m −1 K −1 is obtained for monolayer graphene at 300 K. The corresponding value for bilayer graphene ͓with A-B stacking in Fig. 4͑b͔͒ is also very close to the monolayer data with an insignificant deviation on the order of 10 W m −1 K −1 . These estimates are in good agreement with Klemens et al. 2 difference of approximately 300 W m −1 K −1 is remarkably small considering the differing levels of treatment and materials. More fundamentally, it may be an indication that the number of carbon layers along the c direction has only a minor influence on the in-plane thermal conductivity. To further examine the latter point, we analyze bilayer graphene with a different vertical packing as illustrated in Fig. 4͑c͒ . Clearly, changing the staking sequence to A-A does not affect the qualitative characteristics of the estimated lattice thermal conductivity; only the magnitude is reduced slightly ͑by about 100 W m −1 K −1 at T = 300 K͒ illustrating the insensitivity of in-plane lattice vibrations on the weak interlayer dynamics. Concerning the contributions of flexural/layerbreathing modes, the evaluation of their impact on is difficult although it is generally believed to be small. 2, 5 If the lifetime model of Eq. ͑3͒ is simply applied to the ZA phonons, the calculation suggests additional 45-75 W m −1 K −1 at 300 K ͑50-95 W m −1 K −1 at 200 K͒ to the cases considered above ͑with the maximum deviation observed in A-B bilayer graphene͒. This could serve as a measure for the ͑in͒significance of out-of-plane branches with large Grüneissen parameters.
Note that an accurate analysis of the ZA/ ZOЈ contribution may require a treatment more advanced than Eq. ͑3͒ since the latter was developed originally for acoustic phonons under a linear assumption. In fact, even for the TA and the LA modes, this expression ͓Eq. ͑3͔͒ or its generalized form 5, 9, 22 is expected to provide only an approximate estimate on ͑and thus, on ͒. 22 As such, it is likely that the discrepancy with the experimental data 4 is caused, at least in part, by the limited precision of the model. Although these issues may be resolved by an ab initio approach that considers phononrelaxation processes in the frame work of first-principles calculation via the third-order anharmonic terms, its implementation has not yet been reported in the literature. When the problem comes to a realistic finite graphene sheet/ribbon, other relaxation mechanisms can also arise via, in particular, the scattering with impurities/defects, discontinuous ribbon edge states, surface roughness, etc. The impacts of such factors are sample dependent and difficult to gauge accurately due to the lack of relevant information at the moment. Accordingly, our calculation for the intrinsic lattice thermal conductivity should be regarded as a rough estimate while the normalized value / is expected to be robust. 
